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Abstract 
The question investigated in this contribution is how to describe and calculate the evolution of the probability of initiation of an 
observable fatigue flaw under a history of mechanical stimulus corresponding to fatigue at high number of cycles. It is proposed 
that this probability can be expressed as a simple and physically meaningful functional of the time history of entropy generated 
by an observation element during its fatigue history and of its elastic strain energy at fracture. A method based on simulation of a 
statistical population of microsystems is proposed for calculating the time history of entropy generation under certain 
assumptions shown to be reasonable in the case of high cycle fatigue. 
© 2014 The Authors. Published by Elsevier Ltd. 
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1. Introduction 
The process of elastic elementary fatigue is the object of investigation in this work. Let us begin with a 
phenomenological definition of this process delimiting thus the scope of the investigation. First, the notion of the 
observation length scale is defined as the indivisible unit of length used for a particular geometrical description of a 
material system. Accordingly, the notion of observation element is defined as a material volume of representative 
length equal to the observation length scale; it constitutes the smallest observable material system; geometrical 
structures of representative length smaller than the observation length scale are said to be unobservable. Elementary 
fracture is, subsequently, defined as the event of an observation element transforming from solid to cohesionless. 
Note that, following the interpretation suggested by this definition, elementary fracture is not associated with a 
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preferred orientation, i.e. a specific fracture surface and fracture mode. Elastic elementary fatigue is defined as a 
process which elucidates the advent of elementary fracture as a consequence of a time-history of elastic mechanical 
stimulus (with the possible exception of a small number of incidental overstimulation events); it is thus distinguished 
from a process of propagation of an observable flow – this later being considered as a more comprehensive process 
possibly including elementary fatigue as a sub-process; this distinction is inherent in the pioneering work of 
Chaboche and Lemaitre on continuous damage mechanics, e.g. in [1, 2]. 
2. Probability of elementary fracture 
In the course of a fatigue process, an apparent deficit in the energy balance of the fatigued system has been 
observed by several researchers. Some of them interpret this deficit as an amount of generated entropy ݏ୥ [3], while 
others as an amount of free energy ܽୠ that has been blocked in the formation of internal (unobservable) structures 
[4]. Admitting the existence of internal structures implies admitting that the observable element is not in 
thermodynamic equilibrium, while the generated entropy interpretation originates from the hypothesis that the 
system remains near-equilibrium. The first fundamental hypothesis in this work is that an equivalence between these 
two interpretations can be established in the following form: 
ۃܽۄ ؠ ܶݏ ൌ Ɂݓ െ Ɂݍ െ ݑ െ ܽ    (1) 
In Eq. (1) ۃǤ ۄ implies expected value, ܶ is temperature, while the quantity on the right hand side is the apparent 
deficit in the energy balance (specific quantities are used: ݓ is work, ݍ is heat ݑ is internal kinetic energy and ܽ is 
elastic strain energy). By integrating both parts of the identity of Eq. (1) between ݐ and ݐ and by assuming that at 
ݐ, ۃܽۄ ൌ Ͳ one obtains: 
׬ ܶݏሶݐ
ݐ
ݐ
ൌ ۃܽۄ    (2) 
Eq. (2) provides the link that makes it possible to use near-equilibrium continuum thermodynamics for predicting 
elementary fracture by elementary fatigue despite the fact that such systems are not in thermodynamic equilibrium. 
It is evident in this case that the cost of simplification is uncertainty.
The second fundamental hypothesis in this work is that elementary fracture occurs when the sum of the blocked 
free energy and the part of the elastic strain energy that is released at fracture, ܽǡ reaches an ultimate value ܽ 
which is considered a property of the observation element – not of the material. The above hypothesis is formulated 
in the following expression: 
ܽ ൅ ܽ ൏ ܽሺκሻ    (3) 
where ܽ୳  is written as a function of the observation length scale κ୭ୠୱ , i.e. the representative length of the 
observation element, in order to emphasize that it is in this property where size effect can be incorporated in the 
calculation by means of one of the scaling laws that can be found in the literature. On the other hand ܽୣ୰ୣ୪ depends on 
the triaxial stress and the material; however for materials for which internal friction can be considered as negligible, 
as it is the case for most metals, ܽୣ୰ୣ୪ is equal to the deviatoric part of the elastic strain energy ܽୣୢୣ୴ plus any tensile 
volumetric strain energy ܽୣ୴୭୪ା (in the following for conciseness of the contribution only purely deviatoric stimuli 
are considered). Finally, Blocked energy ܽୠ is treated as a random variable for which we assume no information 
other than: (a) it has a non-negative value and (b) its expected value is given by the definition of Eq. (2). It can be 
proven that in that case the probability of elementary fracture is given by:
ܲ ൌ ቐ
ቈെ ܽെܽ

׬ ܶݏሶݐ
ݐ
ݐ
቉ ǡ ܽ ൏ ܽ
ͳǡ ܽ ൒ ܽ
    (4) 
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To be more precise, this is the probability that an observation element, whose fatigue life is characterized by a 
given ׬ ܶݏሶݐ
ݐ
ݐ
, will be found fractured after an attempt to bring it to a state characterized by ܽ ; it is assumed 
that ݏ and ܶ remain constant during this test. Under certain circumstances often encountered in the case of elastic 
fatigue, the above integral can be approximated by the amount of hysteresis calculated as ׬ ࣌ࢿሶݐ
ݐ
ݐ
. Under this 
approximation the use of Eq. (4) is illustrated in Fig. 1(a) for the simple case in which stress and strain remain 
purely deviatoric: Assume a virgin representative observation element which is subjected to a stimulation history 
with stress and strain ranging between points A and B; at the end of this history the question is posed whether the 
element will be found fractured after a mechanical stimulus to point C. The answer is given by Eq. (4) by using the 
quantities of energy as illustrated in Fig. 1 and the fracture energy ܽ 
3. Calculation of generated entropy by simulation of a microsystem population 
A near equilibrium simple system is considered here as an infinite population of simple microsystems of equal 
but infinitesimal volume. This population is illustrated in Fig. 1(b) as a collection of circles.  
Let us now consider an isolated microsystem. Let Ɂݓୢ  be an elementary deviatoric stimulus and ܽୢ  an 
elementary response over an elementary time intervals ݐ. Then the coefficient of deviatoric mechanical behavior ߛ 
defined as: 
ߛ ؔ
ܽ
Ɂݓ
 (5)
The task is now to calculate the evolution of this coefficient. To this end the third fundamental hypothesis of this 
work is stated as follows: Any simple system has only three possible modes of response: viscoelastic (linear or 
nonlinear, with or without inertial effects), perfectly plastic and fracture. In Fig. 1(b) microsystems in viscoelastic 
mode are illustrated as blank cycles, those in plastic mode as solid cycles and those which are fractured as doted 
cycles.
The following derivations are based on the following simplifying assumptions: a) linear elasticity without viscous 
and inertial effect, b) exclusion of the possibility of fracture of a microsystem, c) hysteresis occurs only in deviatoric 
stimulus. In that case the following expression is valid in which ܽ୷ǡఓ is a material parameter: 
ߛఓୢ ൌ ቊ
ͳǡ ܽఓୢ ൑ ܽ୷ǡఓ
Ͳǡ  ܽఓୢ ൐ ܽ୷ǡఓ
 (6)
It also considered possible that the population of microsystems be organized in collectivities. A microsystem 
collectivity is a group of microsystems which, under certain conditions, are mutually forced to respond in the same 
mode. In Fig. 1(b) manifested collectivities are illustrated with a solid outline while dormant with a dashed one. It is 
assumed that microsystems may respond collectively only in plastic mode (and in fracture). Hence, under certain 
conditions plastic mode is enforced to all the microsystems of the collectivity (but it is not possible for viscoelastic 
mode to be enforced). 
Let us then consider a model population of microsystems consisting of a finite multitude of ܰʹ microsystems 
organized in ܰ collectivities of level -1 (i.e. ܰ collectivities of ܰ microsystems each). This model population is 
expected to approximate the response of the infinite population. The quality of the approximation depends, of 
course, on ܰ  and the simulation has, eventually, to be checked for convergence. The simulation is based on 
admitting a statistical distribution of stimulus over the microsystems; the parameters of the distribution are 
considered as material properties. 
The concept of microhysteresis arises naturally from the consideration of a statistical distribution of mechanical 
stimulus among the population of microsystems and suggests that when the global mechanical stimulus of an 
observation element remains within its quasi elastic domain, hysteresis is limited in a relatively small number of 
overstimulated microsystems. The concept of microhysteresis leads to two possible simplifications in calculating the 
evolution of entropy generation in elastic fatigue. The first simplification is substantiated through the assumption of 
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specific power equivalence and the second thorough the assumption of isothermal hysteresis. 
The assumption of specific power equivalence has originally been proposed and found to be acceptably accurate 
for the calculation of the local stimulus at the tip of notches of metal components [5]. Here, it is assumed to be also 
applicable for calculating the stimulus of hysteretic microsystems and is formulated in a slightly more general form 
as follows: In the case of a solid material system which is submitted to a nominal stress-strain history and in which 
hysteresis is limited to a small number of microsystems while the balk of the material remains elastic, the history of 
stimulus ݓఓ on any microsystem can be calculated as if the microsystem were elastic. 
The assumption of isothermal hysteresis states that, under an isothermal process during which ܶ ൌ Ͳ, all the 
hysteresis energy is stored in the material resulting in an apparent increase of the entropy. This assumption is 
theoretically justified by considering a limited number of heat sources emerged in a thermal reservoir. The role of 
heat sources is assumed by the overstimulated microsystems (or microsystem collectivities) which dissipate the 
totality of the energy hysteresis into heat. The role of the thermal reservoir is assumed by the multitude of the rest of 
the microsystems in the observation element which are supposed to be much less stimulated and thus they do not act 
as heat sources or, in the presence of viscous effects, they act as very week ones. It is thus assumed that the heat 
produced by the over stimulated microsystems is dispersed over the observation element without affecting its 
temperature. This is in fact a conservative approximation which can be substantiated by a number of experimental 
and analytical works which suggest that in the case of elastic fatigue a percentage in the order of 80% of hysteresis 
is stored as blocked free energy [6-8].  
Fig. 1. (a) The quantities involved in Eq. (4) for the case of a purily deviatoric history of mechanichal stimulus (ୣ୴ ൌ Ͳሻ; (b) Representation of a 
statistical population of microsystems organized in collectivities. 
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